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Nonlinear Plant Model

A nonlinear f(x) can be

very unwieldy and thus

make the future states
hard to predict
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A Different Approach
Instead of only watching x: watch functions of x:
_ X _ ) ]
X, g1(x)
x=|X3 gZ(-x)
Ay ' g3(x)

Xy = SO0) g 1) = g(f(xp)



School of Eng

USCVlterbl ,
Observables Become A Lifted State *

Example Dictionary

g1() x2

_ ()C)— gZ(Xk) .)C
= Y X)) = 2:(x,) w(x) = | sin(x)
cos(x)

The lifted state is a vector of chosen observables.
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Polynomial Example

Take the plant

2
_ 2 X
Xyl = X ]; Xk
4
7 = xk X
And lifted state k 4 k
X X x,?
2
wx) = | X

X Two entries shift cleanly. One new entry appears.



Infinite Lift

With enough basis functions...

k1 —
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We approach a linear map from 7 — > ;4

Skl —

In fact, for a infinitely large lifted state,

-

- OO O O

O OO O =

- OO O = O

O O = O O

O = O O O

there is a liner mapping from Z; — > k1



The Koopman Operator
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J(x)
g > At
Plant dynamics
21(9)| (210
_ g(x) . &™) .
w(x) 20) Lift w(x) = o0 Lift
v - \ 4
B K
Z = W) > eyl

Koopman operator

Background: Koopman operator framing; see Otto and Rowley (2021).

(Fg)x) = g(f(x))

The Koopman operator
evolves the observables
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EDMD Finite Approximation

An infinitely large predictor isn’t very helpful for control

_81(Xk)_ gl(xk)
(x,) _ _ gz(xk)
L) — | 52W% Z; = Yiy(x) = :
k 83(xk) '
: _gN(xk)_
Zlgiol) = F ZIEOO) Zli+1 ~ Az,

Infinite dimensional exact predictor. Finite approximate predictor

Practical approximation: Extended Dynamic Mode Decomposition (EDMD).
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EDMD Finite Approximation

Collect state data pairs

X
Lift Lift &

% = W) Zr1 = YN (K1)

Stack Columns Stack Columns
o 1 K RA o
Z =20 21 Iy —> Z.=|u " z . . .
B |0 |1 Ml 1 i |1 |2 jlw Lifted State Pairs Data Matrixes

Practical approximation: Extended Dynamic Mode Decomposition (EDMD).
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EDMD linear regression fit

Z, ~AZ

A* = argmin || Z, — AZ_||%
A

—1
A*=77" o A*=2Z7ZT(Z_ZT + Al

EDMD = finite lifted least-squares Koopman approximation.
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Add Control: EDMDc / Koopman-MPC Form

Xy = S 1)

Zyp1 R Az + Buy,

U — MO l/il

|
Upr_q

Z, % AZ_+ BU_

Z.~[A Bl [5]

[A* B*]—argmln HZ —AZ_ — BU_ H

T
A* B =2, [Z]

Control term enters the lifted state linearly

d Mezic (2018

).
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The Input Channel Is Delicate

Example
Xep1 = J (X 1)

Xep1 = f0q) | o
X
l (Z,8)(x) = g(f(x, w)) :
} z=|"
_ k™ | .4
Zy1 = K G = K, % x.k
l L Nonlinear
Q1 ~ AZk + Buk X1 = X,g Control

A constant B says the command has a fixed additive effect in lifted space.

That can be wrong when command input is not the force the plant actually feels.

Input-structure warning: lacob, Toth, and Schoukens (2024).
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Three Modeling Choices

1. Direct input 2. Input features 3. Add actuator state
X1 = J (X @)
2 = w(x) M = Py
U1 = 8(y Uy)
Zy1 R A+ By —
~ Z =YX, a
Zer1 X Az + By v = WX ai)
Simple, convex, but may hide ~ A
. a1 &~ Az, + Bu
actuator dynamics Richer input map, but more k+1 k k
complex controller formulation Make the state more complete

Project choice: keep the command input simple, but
expose the missing actuator state.

Near-neighbors: Li et al. (2024) input augmentation; Asada and Solano-Castellanos (2024) physical input structure.
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Actuator State Belongs In The Lift

Actuator Aware Model
Baseline Model

X
direct __ aug _ k
direct ~ direct act _
Zk_ll_rle ¢ A d 1rec + B duk l/jxa(xka ak)

act ~ act

Does actuator-state lifting improve prediction and
control under lag/saturation?



Plant Model
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N

x=1lp, p, p. p. 0 0]

J2

Plant dynamics

sin @

(fi )
m

cos @

b, =

= —(fz — )

yy

(fLi+h)—&
m

Actuator dynamics

T fl sat(u,) — f;
v, = sat(u,) — f,
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Model Comparison

Direct Input Actuator-aware
direct __ act
Ze =yl = Wit (X i)
direct ~ direct
Gl A+ By Y~ A+ By

- Sees rigid body state
only ) g - Sees rigid body state
- Commands u directly and realized thrust

- Does not know realized } Com_mands u, but
thrust f predicts F



Model Comparison: Function Basis

Direct Small

WS(xk) —

P x,k
p x,k
Pk
p z,k

e R12

Direct Matched

y/m(xk) =

px,k

e IR19
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Actuator-aware

l//a(xk, f];) =

Dk
px,k
Dk
p z,k

cos(6,)
Pix
Pl
07

Jik +
Lx—h
(frx +fo0)sin(6))
(fix +for)c08(6,)

frxlox
1

e RY
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Data Collection

Training data coverage near the benchmark

Position coverage Velocity coverage
o  scripted rollo(;ts Oooo . . © o
random Monte Carlo ° ° £ o ‘
207 targeted Monte Carlo 10] 4 v 4 S P S “Random” Open-loop
‘N / commands: hover steps, smooth
P A 000 I . .
. 05l ‘\ el i sines, attitude pulses, near
o\ i ou BN saturation.
I z‘ : s By o\é e @ éboo%:' I d
L E L et \A ‘II , Monte Carlo one-step samples
10 C OO PR T | wu ‘1 .
| s o N SR cover the state/input box.
° ) ‘:3‘00 § “ Oooe‘o o .
| o] A bl WEE 10,000 targeted figure-eight
7 4, ?‘:j\,/ R samples improve task-region
el Eohesme e VTV accuracy.
0.0 1 f
5 7 0 ; ; S0 s o0 05 10

X [m] x_dot [m/s]



MPC Controller

N-1
2 2
IIllIl Z H CZ B H T Z H Ui = Unover
LUy 0 s
With
Caug
Zipl = AZ]- + Bl/tj Umin = U; < Umax

Q = diag (20, 0.1, 20, 0.1, 0.01, 0.01)
R = diag (0.03, 0.03)

N=15

— [18 08><11]

e = l//(xk’ f];) =
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Pxk
Py
Pk
Pk
Oy
2
Jix
bk
sin(6,)
cos(6,)
Pix
P
07
Jix +
Sk =ik
(fix +/o0810(6,)
(fix + /o 0)c08(6,)

Siklox
|




Tracking Results
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m]

altitude z [

Figure 8 tracking with tau 0.02 seconds
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Actuator States
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left thrust [N]

left thrust [N]

0.30

0.25 A

0.20 1

0.15 1

0.10 A

0.05

0.30

0.25 1

0.05 1

Commanded thrust versus realized thrust at tau_m =0.02 s
direct-small Koopman: mismatch RMSE = 0.0967 N

= 1] command
l == = f] realized
1

T A

actuator-aware Koopman: mismatch RMSE = 0.00897 N

=11 command

== = ] realized

------ hover thrust

time [s]

The actuator-aware model
predicts the realized thrust
state, so MPC can plan
around the lag instead of
fighting it
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Lag Sensitivity

figure-eight position RMSE [m], log scale

L L3 L Ll L3
Tracking sensitivity to actuator time constant Figure-eight tracking with tau_m = 0.03 s
1.6
=@=direct-small Koopman =
=@=direct-matched Koopman
=@= actuator-aware Koopman
g
10" 4 § 10
0.8
0.6
w—— reference
0:
-10 0.5 00 0.5 1.0
l 0(| N horizontal position x [m]
Figure-eight tracking with moderate actuator lag
16
14
1071
12
g
30
— = === 08
T T T T T T T T T T 06
0 0.01 0.02 0.03 0.04 0.05 0.06 0.08 0.10 0.15 == roference
. = direct-small Koopman
mnstant 0.4 == direct-matched Koopman
motor time constant tau_m [s] —— actuator-aware Koopman

=10 0.5 00 05 1.0
horizontal position x [m]

When an actuator lag is very small, direct input approximation is less harmful, but as th
actuator lag grows, modeling the actuator becomes exponentially more important.
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Lag Sensitivity

Best simple tuning across actuator time constants

figure-eight position RMSE [m], log scale

Tracking Motor effort
109 A 05
| Using tuning, we can make
E the larger basis non-
£ oo actuator where it performs
5 ==@==direct-small Koopman .
5 =@==(irect-matched Koopman S||ght|y bette r.
3 ==@==actuator-aware Koopman . .
10! : 041 More basis functions seems
5 to help.
0.2 1
@
/7 004 &e=——= L oy —
0.62 0.63 0.64 0.65 0.66 0.67 ().(I)8 0.62 0.63 0.64 0.65 0.66 ().67 0.68

motor time constant tau_m [s] motor time constant tau_m [s]



Data Matters
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altitude z [m]
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Data strategy comparison

Tracking trajectories

== 1 reference
=== baseline recipe
m targeted MC

=== random + targeted MC

-1.00
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0.75

1.00

lower is better

Tracking and violation metrics

=@= position RMSE [m]

0.5 - state violation fraction

04

0.3 1

0.2 1

0.1 1

0.035
- 0.019 0.018

— =)

00— T T

baseline targeted MC random + targeted
1.2k samples 6.2k samples 21.2k samples

The same Koopman-MPC
architecture changes
behavior depending on what
data the least-squares fit
sees.

- More data is better

- Data closer to your working
region is better
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