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Nonlinear Plant Model

f(x)x ·x

f(x) xk+1xk

OR

A nonlinear f(x) can be 
very unwieldy and thus 
make the future states 

hard to predict

xk+1 = f(xk)

·x = f(x)



A Different Approach

Instead of only watching x: watch functions of x:

g(xk+1) = g( f(xk))

g1(x)
g2(x)
g3(x)

⋮

x =

x1
x2
x3
x4
⋮

xk+1 = f(xk)



Observables Become A Lifted State

The lifted state is a vector of chosen observables.

zk = ψ(xk) =

g1(xk)
g2(xk)
g3(xk)

⋮

ψ(x) =

x
x2

sin(x)
cos(x)

⋮

Example Dictionary



Polynomial Example

Two entries shift cleanly. One new entry appears.

zk =

xk

x2
k

x4
k

zk+1 =
x2

k

x4
k

x8
k

xk+1 = x2
k

ψ(x) =
x
x2

x4

Take the plant

And lifted state



Infinite Lift

zk =

xk

x2
k

x4
k

x8
k

x16
k
⋮

zk+1 =

x2
k

x4
k

x8
k

x16
k

x32
k
⋮

zk+1 =

0 1 0 0 0 ⋯
0 0 1 0 0 ⋯
0 0 0 1 0 ⋯
0 0 0 0 1 ⋯
0 0 0 0 0 ⋱
⋮ ⋮ ⋮ ⋮ ⋮ ⋱

zk

With enough basis functions… We approach a linear map from zk − > zk+1

In fact, for a infinitely large lifted state, 
there is a liner mapping  from zk − > zk+1



The Koopman Operator

Background: Koopman operator framing; see Otto and Rowley (2021).

xk xk+1

zk+1zk = ψ(xk)

(𝒦g)(x) = g( f(x))

𝒦
Koopman operator

ψ (xk) =

g1(x)
g2(x)
g3(x)

⋮

Lift Liftψ (xk) =

g1(x)
g2(x)
g3(x)

⋮

Plant dynamics

f(x)

The Koopman operator 
evolves the observables



EDMD Finite Approximation

Practical approximation: Extended Dynamic Mode Decomposition (EDMD).

An infinitely large predictor isn’t very helpful for control

z(∞)
k =

g1(xk)
g2(xk)
g3(xk)

⋮

z(∞)
k+1 = 𝒦z(∞)

k

zk = ψN(xk) =

g1(xk)
g2(xk)

⋮
gN(xk)

zk+1 ≈ Azk

Infinite dimensional exact predictor. Finite approximate predictor 

̂xk = Czk



EDMD Finite Approximation

Practical approximation: Extended Dynamic Mode Decomposition (EDMD).

Z− =
| | |
z0 z1 ⋯ zM−1

| | |
Z+ =

| | |
z1 z2 ⋯ zM

| | |

xk xk+1

zk+1 = ψN(xk+1)zk = ψN(xk)

𝒦 ≈ A

Lift

f(x)

Lift

Collect state data pairs

Lift

Lifted State Pairs

Stack Columns

Lifted State Pairs Data Matrixes

Stack Columns
Stack



EDMD linear regression fit

EDMD = finite lifted least-squares Koopman approximation.

Z+ ≈ AZ−

A⋆ = arg min
A

∥Z+ − AZ−∥2
F

A⋆ = Z+Z†
− A⋆ = Z+ZT

− (Z−ZT
− + λI)−1

Or



Add Control: EDMDc / Koopman-MPC Form

Control term enters the lifted state linearly 

Baseline Koopman-MPC form: Korda and Mezic (2018).

xk+1 = f(xk, uk)

zk+1 ≈ Azk + Buk

U− =
| | |

u0 u1 ⋯ uM−1

| | |

Z+ ≈ AZ− + BU−

Z+ ≈ [A B] [Z−
U−]

[A⋆ B⋆] = Z+ [Z−
U−]

†

[A⋆ B⋆] = arg min
A,B

Z+ − AZ− − BU−
2

F



The Input Channel Is Delicate

A constant B says the command has a fixed additive effect in lifted space.

That can be wrong when command input is not the force the plant actually feels.
Input-structure warning: Iacob, Toth, and Schoukens (2024).

xk+1 = f(xk, uk)

zk+1 = 𝒦zk

(𝒦ug)(x) = g( f(x, u))

zk+1 = 𝒦uk
zk

zk+1 ≈ Azk + Buk

xk+1 = f(xk)
xk+1 = x2

k + xkuk

zk =

xk

x2
k

x4
k
⋮

xk+1 = x2
k + xkuk

Example

Nonlinear 
Control 

term



Three Modeling Choices

1. Direct input 

Simple, convex, but may hide 
actuator dynamics

2. Input features 

Richer input map, but more 
complex controller formulation

3. Add actuator state 

Make the state more complete

Project choice: keep the command input simple, but 
expose the missing actuator state.

Near-neighbors: Li et al. (2024) input augmentation; Asada and Solano-Castellanos (2024) physical input structure.

zk = ψ(xk)

zk+1 ≈ Azk + Buk

ηk = ϕ(uk)

zk+1 ≈ Azk + Bηηk

xk+1 = f(xk, ak)
ak+1 = g(ak, uk)
zk = ψ(xk, ak)

zk+1 ≈ Azk + Buk



Actuator State Belongs In The Lift

Does actuator-state lifting improve prediction and 
control under lag/saturation?

zdirect
k = ψx(xk)

zdirect
k+1 ≈ Adzdirect

k + Bduk

xaug
k = [xk

ak]
zact
k = ψxa(xk, ak)

zact
k+1 ≈ Aazact

k + Bauk

Baseline Model
Actuator Aware Model



Plant Model

f 1

f 2

m g

x

z

θ

x = [px
·px pz

·pz θ ·θ]T

··px =
sin θ

m
( f1 + f2)

··pz =
cos θ

m
( f1 + f2) − g

··θ =
d
Iyy

( f2 − f1)

τm
·f1 = sat(u1) − f1

τm
·f2 = sat(u2) − f2

ui ⟶ sat(ui) ⟶ fi

 
Plant dynamics

 
Actuator dynamics



Model Comparison

zdirect
k = ψx(xk)

zdirect
k+1 ≈ Adzdirect

k + Bduk

zact
k = ψxf(xk, fk)

zact
k+1 ≈ Aazact

k + Bauk

• Direct Input 

- Sees rigid body state 
only 

- Commands u directly  
- Does not know realized 

thrust f

• Actuator-aware 

- Sees rigid body state 
and realized thrust  

- Commands u, but 
predicts F   



Model Comparison: Function Basis

• Direct Small • Actuator-aware • Direct Matched 

ψs(xk) =

px,k
·px,k
pz,k
·pz,k

θk
·θk

sin(θk)
cos(θk)

·p2
x,k

·p2
z,k
·θ2
k

1

∈ ℝ12 ψm(xk) =

px,k
·px,k
pz,k
·pz,k

θk
·θk

sin(θk)
cos(θk)

·p2
x,k

·p2
z,k
·θ2

k

p2
x,k

p2
z,k

θ2
k

px,kθk

pz,kθk
·px,k

·θk
·pz,k

·θk

1

∈ ℝ19 ψa(xk, fk) =

px,k
·px,k
pz,k
·pz,k

θk
·θk

f1,k

f2,k

sin(θk)
cos(θk)

·p2
x,k

·p2
z,k
·θ2
k

f1,k + f2,k

f2,k − f1,k

( f1,k + f2,k)sin(θk)
( f1,k + f2,k)cos(θk)

f1,k f2,k

1

∈ ℝ19



Data Collection

“Random” Open-loop 
commands: hover steps, smooth 
sines, attitude pulses, near 
saturation. 
Monte Carlo one-step samples 
cover the state/input box. 
10,000 targeted figure-eight 
samples improve task-region 
accuracy. 
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MPC Controller

min
u0,…,uN−1

N

∑
j=0

Czj − rj
2

Q
+

N−1

∑
j=0

uj − uhover
2

R

zj+1 = Azj + Buj
umin ≤ uj ≤ umax

• With
zk = ψ (xk, fk) =

px,k
·px,k
pz,k
·pz,k

θk
·θk

f1,k

f2,k

sin(θk)
cos(θk)

·p2
x,k

·p2
z,k
·θ2
k

f1,k + f2,k

f2,k − f1,k

( f1,k + f2,k)sin(θk)
( f1,k + f2,k)cos(θk)

f1,k f2,k

1

∈ ℝ19Caug = [I8 08×11]

Q = diag (20, 0.1, 20, 0.1, 0.01, 0.01)

R = diag (0.03, 0.03)

N = 15



Tracking Results
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Figure 8 tracking with tau 0.02 seconds



Actuator States
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Commanded thrust versus realized thrust at tau_m = 0.02 s

The actuator-aware model 
predicts the realized thrust 
state, so MPC can plan 
around the lag instead of 
fighting it



Lag Sensitivity
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Tracking sensitivity to actuator time constant

When an actuator lag is very small, direct input approximation is less harmful, but as the 
actuator lag grows, modeling the actuator becomes exponentially more important. 
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Figure-eight tracking with moderate actuator lag



Lag Sensitivity

Using tuning, we can make 
the larger basis non-
actuator where it performs 
slightly better.  
More basis functions seems 
to help. 
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Data Matters
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Data strategy comparison

The same Koopman-MPC 
architecture changes 
behavior depending on what 
data the least-squares fit 
sees. 
- More data is better 
- Data closer to your working 
region is better
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